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Traditionally, data-based soft sensors are constructed upon the labeled historical dataset which contains equal numbers
of input and output data samples. While it is easy to obtain input variables such as temperature, pressure, and flow rate
in the chemical process, the output variables, which correspond to quality/key property variables, are much more diffi-
cult to obtain. Therefore, we may only have a small number of output data samples, and have much more input data
samples. In this article, a mixture form of the semisupervised probabilistic principal component regression model is pro-
posed for soft sensor application, which can efficiently incorporate the unlabeled data information from different opera-
tion modes. Compared to the total supervised method, both modeling efficiency and soft sensing performance are
improved with the inclusion of additional unlabeled data samples. Two case studies are provided to evaluate the feasi-
bility and efficiency of the new method. VC 2013 American Institute of Chemical Engineers AIChE J, 60: 533–545, 2014
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Introduction

Nowadays, soft sensors have been widely used for prop-
erty estimation of quality and key variables in chemical
processes. This is mainly because those important variables
are difficult to measure online; instead, their values are usu-
ally obtained through analyzers or lab analyses. However,
both analyzers and lab analyses are expensive, time consum-
ing, and introduce a significant time delay to the control sys-
tem. The main advantage of the soft sensor is that it can
provide real-time measurements for those important varia-
bles, by using other highly correlated but easy-to-measure
process variables. Traditional soft sensors are developed
through first-principle models, which are subject to process
knowledge and experiences of experts. However, the acquisi-
tion of both process knowledge and expert experiences is
difficult and time consuming, especially for modern complex
chemical processes.

On the other hand, without requirements of either detailed
process knowledge or expert experiences, data-based soft sen-

sor has become popular in industrial applications. In the past
years, a huge volume of process data has been recorded by
the distributed control system, which contains important infor-
mation of the process. Therefore, by constructing relationships
between secondary process variables and quality/key varia-
bles, a data-based soft sensor can be formulated. Among all
developed soft sensor models, conventionally used ones
include: principal component analysis/principal component
regression (PCR),1–3 partial least squares (PLS),4–8 artificial
neural networks,9–12 kernel-based models,13–18 Bayesian meth-
ods19–22 and so forth.

Typically, both of the input data (from secondary process
variables) and output data (from quality/key variables) are
required for soft sensor modeling. Here, we represent the
dataset which contains both input and output data samples as
the labeled dataset, the one which only consists of input data
samples is denoted as the unlabeled dataset. Traditional data-
based soft sensors are usually built upon the labeled dataset.
However, the output data of the soft sensor which corre-
spond to quality/key variables are usually difficult to obtain,
for example, through complex lab analysis. Also, compared
to the input data, the sampling rate of the output data is
often much lower, and as a result, only a small portion of
the input data samples have their corresponding output data
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values; others are unlabeled. Therefore, in practice, we may
only have a small number of labeled data samples for soft
sensor modeling, and a large number of other unlabeled data
samples could have been ignored.

The motivation of the present article is to incorporate both
the labeled and unlabeled datasets for soft sensor modeling.
Although the unlabeled dataset has no output values, it can
contain important process information. From a probabilistic
viewpoint, the distribution of the input variables can hardly
be captured by a small number of data samples. By utilizing
more input data samples, the estimation of the distribution of
the input variables could be significantly improved. For a
latent probabilistic model, the input and output data are con-
nected by latent variables which can be extracted from input
variables. Therefore, if the estimation of the distribution of
the input data can be improved by the added unlabeled data
samples, the quality of the extracted latent variables can also
be improved, which in turn results in an improved relation-
ship between input and output variables.

In our previous article, a probabilistic form of the semisu-

pervised PCR model has been introduced, which can effi-

ciently incorporate the unlabeled data for soft sensor

modeling.23 However, the inherent nature of this single prob-

abilistic model has limited the soft sensor to linear and sin-

gle mode processes. For those processes which have several

different operation modes or the relationship between input

and output data is nonlinear, the semisupervised PCR-based

soft sensor may not function efficiently. For multimode pro-

cess modeling, there are already several useful contributions,

for example, local modeling approach, external analysis

method, Bayesian inference-based strategy and so forth.24–29

In the present article, a mixture probabilistic form of the

semisupervised PCR model is developed, in which several

local probabilistic PCR (PPCR) models are formulated

through Bayesian inference and posterior estimation. Based

on the developed mixture semisupervised PCR model, a new

soft sensor is then constructed for estimation of quality/key

variables for chemical processes. For online soft sensing of a

new data sample, the estimated output of each local PPCR

model is combined through a weighted probabilistic coeffi-

cient, which is based on the posterior probability of each

local model corresponding to the new data sample. There-

fore, compared to the single model structure, the mixture

probabilistic semisupervised PCR model can provide a soft

combination result from different local models; meanwhile,

the mode or membership information can be automatically

located for each operating region. While the single model is

restricted in Gaussian, linear, and single operating mode

processes, the mixture model can be used in more general

cases, for example, multimode processes, nonlinear proc-

esses, non-Gaussian processes, and so forth.
The rest of this article is organized as follows. In section

entitled Preliminaries, brief introductions of traditional PCR,
probabilistic PCR, and the semisupervised PPCR models are
given, followed by the detailed description of the mixture
semisupervised PCR model in section entitled Mixture Semi-
supervised PCR Model Development. In section entitled
Online Soft Sensing Based on Mixture Semisupervised PCR
Model, a new soft sensor is developed based on the mixture
semisupervised PCR model. Case studies of a numerical sim-
ulation example and an industrial application are provided in
section entitled Case studies. Finally, conclusions are made
in section entitled Conclusions.

Preliminaries

PCR

Given the input and output dataset, X 2 Rn3m and
Y 2 Rn3r , where n is the number of data sample, m and r
are numbers of input and output variables. The aim of PCR
is to find a set of principal components which span the origi-
nal measurement variable space. The procedure of PCR can
be divided into two steps. The first step is to extract princi-
pal components from the input dataset X, and the second
step is to calculate the regression matrix between the
extracted principal components and the output dataset Y.
The PCR model structure is given as follows2

X5TPT1E (1)

Y5TCT1F (2)

where P 2 Rm3q is the loading matrix, T 2 Rn3q is the
principal component matrix, q is the selected number of
principal components, C 2 Rr3q is the regression matrix, and
E and F are the residuals matrices with appropriate
dimensions.

PPCR

Given the data information X5½x1; x2; � � � ; xn�T 2 Rn3m

and Y5½y1; y2; � � � ; yn�
T 2 Rn3r , different from the PCR

model, the probabilistic PCR model is derived through the
following generative manner23

x5Pt1e (3)

y5Ct1f (4)

where P 2 Rm3q, C 2 Rr3q are weighting matrices, t 2 Rq31

is the latent variable vector, e 2 Rm31 and f 2 Rr31 are mea-
surement noises of input and output variables. In this proba-
bilistic model, it is assumed that both probability density
functions of the latent variable and the measurement noise
are Gaussian, that is, pðtÞ5Nð0; IÞ, pðeÞ5Nð0; r2

xIÞ, and
pðfÞ5Nð0;r2

yIÞ, where I is an identity matrix, r2
x and r2

y are
noise variances of input and output variables. Therefore,
based on the property of conditional independence, the mar-
ginal probability pðx; yÞ can be formulated by integrating out
the latent variables, which is given as follows

pðx; yjP;C; r2
x;r

2
yÞ5

ð
pðxjt;P; r2

xÞpðyjt;C;r2
yÞpðtÞdt (5)

The optimal model parameter set fP;C;r2
x; r

2
yg can be deter-

mined by maximizing the following likelihood function

LðP;C; r2
x;r

2
yÞ5ln

Yn

i51

pðxi; yijP;C;r2
x;r

2
yÞ (6)

Semisupervised PCR model

Similar to the probabilistic PCR model, the semisuper-
vised PCR model is also formulated through the generative
structure, given as follows23
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xi5Pti1ei

yj5Ctj1f j

(7)

where i51; 2; � � � ; n, j51; 2; � � � ; n1, n1 is the size of the
labeled dataset, and n25n2n1 is the size of the unlabeled
dataset. P 2 Rm3q, C 2 Rr3q are weighted matrices, where m
is the number of input variables, and r is the number of out-
put variables. t 2 Rq31 is the latent variable vector, e 2 Rm31

and f 2 Rr31 are noises of input and output variables,
respectively. Also, it is assumed that both probability density
functions of the latent variable and the measurement noise
are Gaussian. Given labeled dataset X15½x1; x2; � � � ; xn1

�T ,
Y5½y1; y2; � � � ; yn1

�T and unlabeled dataset X25½xn111; xn112;
� � � ; xn11n2

�T , the marginal distribution can be calculated as
follows

p xj; yjjP;C;r2
x; r

2
y

� �
5

ð
pðxjjtj;P; r

2
xÞpðyjjtj;C; r

2
yÞpðtjÞdtj

(8)

pðxn11i; jP;r2
xÞ5

ð
pðxn11ijtn11i;P;r

2
xÞpðtn11iÞdtn11i (9)

where j51; 2; � � � ; n1, i51; 2; � � � ; n2. Following the maxi-
mum likelihood framework, the log likelihood function can
be derived as

LðX;YÞ5LðX1;YÞ1LðX2Þ5ln
Yn1

j51

pðxj; yjjP;C;r2
x; r

2
yÞ

1ln
Yn2

i51

pðxn11ijP; r2
xÞ

(10)

Through maximizing the Log likelihood function, the param-
eter set of the semisupervised PCR model H5fP;C;r2

x; r
2
yg

can be determined.

Mixture Semisupervised PCR Model Development

In the mixture semisupervised PCR model, we first
assume that K individual semisupervised PCR models have
been incorporated, and q latent variables are retained in each
submodel. The mixture form of the semisupervised PCR
model can be formulated as follows

xi;k5Pkti;k1ei;k; k51; 2; � � � ;K

yj;k5Cktj;k1f j;k; k51; 2; � � � ;K

xi5

XK

k51

p1ðkÞxi;k 1 � i � n1

XK

k51

p2ðkÞxi;k n111 � i � n

8>>>>>><
>>>>>>:

yj5
XK

k51

p1ðkÞyj;k

(11)

where i51; 2; � � � ; n, j51; 2; � � � ; n1, and we assume that the
total number of data samples is n, among which n1 samples
are labeled, and n25n2n1 samples are unlabeled. p1ðkÞ and
p2ðkÞ are mixing proportional values of each individual
model for labeled and unlabeled dataset, with constraintXK

k51
p1ðkÞ51 and

XK

k51
p2ðkÞ51. Pk and Ck are weight-

ing matrices of the kth individual semisupervised PCR

model, tk 2 Rq31 is the latent variable vector, ek 2 Rm31 and

fk 2 Rr31 are noise vectors of input and output variables in
the corresponding model. It is assumed that both probability
density functions of the latent variable and the measurement
noise in each individual model are Gaussian; thus

pðtkÞ5Nð0; IÞ, pðekÞ5Nð0;r2
x;kIÞ, and pðfkÞ5Nð0;r2

y;kIÞ.
Therefore, the multivariate Gaussian distributions of the
input and output data in the kth individual model are given

as pðxjtkÞ5NðPktk1lx;k; r
2
x;kÞ and pðyjtkÞ5NðCktk1ly; k;

r2
y;kÞ. Based on the property of conditional independence of

the input and output variables, that is, all input and output
variables are conditionally independent to each other given
the latent variables, the marginal distribution of the labeled
and unlabeled data in each individual model can be deter-
mined as follows

pðx; yjPk;Ck; r
2
x;k;r

2
y;kÞ5

ð
pðxjtk;Pk; r

2
x;kÞ

pðyjtk;Ck; r
2
y;kÞpðtkÞdtk

(12)

pðxjPk; r
2
x;kÞ5

ð
pðxjtk;Pk;r

2
x;kÞpðtkÞdtk (13)

Given the labeled datasets X15½x1; x2; � � � ; xn1
�T 2 Rn13m,

Y5½y1; y2; � � � ; yn1
�T 2 Rn13r and the unlabeled dataset

X25½xn111; xn112; � � � ; xn11n2
�T 2 Rn23m, to obtained the opti-

mal parameter set, the following likelihood function should
be maximized

pðX;YjHÞ5pðX1;YjHÞpðX2jHÞ (14)

For simplicity, the likelihood function can be transformed
to the log likelihood form as follows

LðX;YjHÞ5LðX1;YjHÞ1LðX2jHÞ5ln
Yn1

i51

pðxi; yijHÞ

1ln
Yn

i5n111

pðxijHÞ5
Xn1

i51

ln pðxi; yijHÞ

1
Xn

i5n111

ln pðxijHÞ5
Xn1

i51

ln
XK

k51

pðxi; yijk;HÞp1ðkÞ

1
Xn

i5n111

ln
XK

k51

pðxijk;HÞp2ðkÞ

(15)

where H5fHgk5fPk;Ck; r2
x;k;r

2
y;k;lx;k; ly;kg.

In the Expectation-Maximization (EM) algorithm,30

instead of maximizing the Log likelihood function directly,
the maximization of the expected complete-data Log likeli-
hood function is usually carried out. The derivation of the
expected complete-data Log likelihood function is provided
in Appendix A. The result is given below. First

LðX;YjHÞ5
Xn1

i51

XK

k51

ln pðxi; yi; ti;k; kjHÞÞ

1
Xn

i5n111

XK

k51

ln pðxi; ti;k; kjHÞÞ
(16)

Under the EM algorithm, we treat both of t and k as hid-
den variables. Therefore, the expected complete-data Log
likelihood function value with respect to joint distribution of
t and k can be derived as
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E½LðX;YjHÞ�5
Xn1

i51

XK

k51

ð
pðti;k; kjxi; yi;Hold Þln ½pðxi; yi; ti;k; kjHÞ�dti;k

1
Xn

i5n111

XK

k51

ð
pðti;k; kjxi;Hold Þln ½pðxi; yi; ti;k; kjHÞ�dti;k

5
Xn1

i51

XK

k51

pðkjxi; yi;Hold Þ
ð

pðti;kjxi; yi; k;Hold Þln ½pðxi; yi; ti;k; kjHÞ�dti;k

1
Xn

i5n111

XK

k51

pðkjxi;Hold Þ
ð

pðti;kjxi; k;Hold Þln ½pðxi; ti;k; kjHÞ�dti;k

5
Xn1

i51

XK

k51

pðkjxi; yi;Hold Þ
ð

pðti;kjxi; yi; k;Hold Þln ½pðxi; yi; ti;kjk;HÞp1ðkÞ�dti;k

1
Xn

i5n111

XK

k51

pðkjxi;Hold Þ
ð

pðti;kjxi; k;Hold Þln ½pðxi; ti;kjk;HÞp2ðkÞ�dti;k

5
Xn1

i51

XK

k51

pðkjxi; yi;Hold Þfln p1ðkÞ1
ð

pðti;kjxi; yi; k;Hold Þln ½pðxi; yi; ti;kjk;HÞ�dti;kg

1
Xn

i5n111

XK

k51

pðkjxi;Hold Þfln p2ðkÞ1
ð

pðti;kjxi; k;Hold Þln ½pðxi; ti;kjk;HÞ�dti;kg

(17)

Then, the second step of the EM algorithm can be used
for maximization of the expected complete-data Log likeli-
hood function. In the E-step of the EM algorithm, we are
given the parameters Hold obtained in the previous M-step,
and the aim of this step is to determine posterior probabil-
ities of hidden variables t and k and obtain the expected
likelihood. In the M-step, we update the new parameter set
Hnew by maximizing the expected complete-data Log likeli-
hood function E½LðX;YjHÞ�.

In the E-step of the EM algorithm, we are given the
parameters Hold obtained in the previous M-step, and to
determine two posterior probabilities: pðkjxi; yi;Hold Þ and
pðtijxi; yi; k;Hold Þ for the labeled dataset, pðkjxi;Hold Þ and
pðtijxi; k;Hold Þ for the unlabeled dataset. According to the
Bayesian rule, pðkjxi; yi;Hold Þ and pðkjxi;Hold Þ can be deter-
mined as

pðkjxi; yi;Hold Þ5
pðxi; yi; jk;Hold Þp1ðkjHold Þ

pðxi; yijHold Þ
(18)

pðkjxi;Hold Þ5
pðxi; jk;Hold Þp2ðkjHold Þ

pðxijHold Þ
(19)

where p1ðkjHold Þ and p2ðkjHold Þ are proportion values calcu-

lated in the previous M-step, and
XK

k51
p1ðkjHold Þ51 andXK

k51
p2ðkjHold Þ51. pðxi; yi; jk;Hold Þ and pðxi; jk;Hold Þ are

multivariate Gaussian distributions which can be easily for-
mulated, and the two denominators are normalizing constants
which need not be evaluated. Similarly, pðtijxi; yi; k;Hold Þ
and pðtijxi; k;Hold Þ can be determined as

pðtijxi; yi; k;Hold Þ5
pðxijti; k;Hold Þpðyijti; k;Hold Þpðtijk;Hold Þ

pðxi; yijk;Hold Þ
(20)

pðtijxi; k;Hold Þ5
pðxijti; k;Hold Þpðtijk;Hold Þ

pðxijk;Hold Þ
(21)

As all terms are Gaussian distributed, pðtijxi; yi; k;Hold Þ and
pðtijxi; k;Hold Þ are also Gaussian, with their expected means
and variances given as follows23,31

Eðti;kjxi; yi; k;Hold Þ5ðr22
x;k PT

k Pk1r22
y;k CT

k Ck1IÞ21

½r22
x;k PT

k ðxi2lx;kÞ1r22
y;k CT

k ðyi2ly;kÞ�
(22)

Eðti;ktT
i;kjxi; yi; k;Hold Þ5ðr22

x;k PT
k Pk1r22

y;k CT
k Ck1IÞ21

1Eðti;kjxi; yi; k;Hold ÞETðti;kjxi; yi; k;Hold Þ
(23)

where i51; 2; � � � ; n1, and

Eðti;kjxi; k;Hold Þ5ðr2
x;kI1PT

k PkÞ21
PT

k ðxi2lx;kÞ (24)

Eðti;ktT
i;kjxi; k;Hold Þ5r2

x;kðPT
k Pk1r2

x;kIÞ21

1Eðti;kjxi; k;Hold ÞETðti;kjxi; k;Hold Þ
(25)

where i5n111; n112; � � � ; n.
In the M-step of the EM algorithm, the new parameters

are updated by maximizing the expected complete-data Log
likelihood function E½LðX;YjHÞ�. The results of updated
parameters are given as
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p1ðkÞ5
1

n1

Xn1

i51

pðkjxi; yi;Hold Þ (26)

p2ðkÞ5
1

n2

Xn

i5n111

pðkjxi;Hold Þ (27)

pðkÞ5 1

n

Xn1

i51

pðkjxi; yi;Hold Þ1
Xn

i5n111

pðkjxi;Hold Þ
( )

(28)

lnew
x;k 5

Xn1

i51

pðkjxi; yi;Hold Þ½xi2PkEðti;kjxi; yi; k;Hold Þ�

1
Xn

i5n111

pðkjxi;Hold Þ½xi2PkEðti;kjxi; k;Hold Þ�

Xn1

i51

pðkjxi; yi;Hold Þ1
Xn

i5n111

pðkjxi;Hold Þ

(29)

lnew
y;k 5

Xn1

i51

p kjxi; yi;Hold

� �
yi2CkE ti;kjxi; yi; k;Hold

� �� �
Xn1

i51

p kjxi; yi;Hold

� � (30)

Pnew
k 5

Xn1

i51

p kjxi; yi;Hold

� �
xi2lx;k

� �
ET ti;kjxi; yi; k;Hold

� �"

1
Xn

i5n111

p kjxi;Holdð Þ xi2lx;k

� �
ET ti;kjxi; k;Hold

� �#

3
Xn1

i51

p kjxi; yi;Hold

� �
E ti;ktT

i;kjxi; yi; k;Hold

� �"

1
Xn

i5n111

p kjxi;Holdð ÞE ti;ktT
i;kjxi; k;Hold

� �#21

(31)

Cnew
k 5

Xn1

i51

p kjxi; yi;Hold

� �
yi2ly;k

� �
ET ti;kjxi; yi;Hold

� �" #

3
Xn1

i51

p kjxi; yi;Hold

� �
E ti;ktT

i;kjxi; yi; k;Hold

� �" #21

(32)

r2new
x;k 5

Xn1

i51

p kjxi; yi;Hold

� �
xi2lx;k

� �T
xi2lx;k

� �
22ET ti;kjxi; yi; k;Hold

� �
Pnew T

k xi2lx;k

� �n

1trace Pnew
k

TPnew
k E ti;ktT

i;kjxi; yi; k;Hold

� �h io
1
Xn

i5n111

p kjxi;Holdð Þ xi2lx;k

� �T
xi2lx;k

� �n

22ET ti;kjxi; k;Hold

� �
Pnew T

k xi2lx;k

� �
1trace Pnew

k
TPnew

k E ti;ktT
i;kjxi; k;Hold

� �h io

m
Xn1

i51

p kjxi; yi;Hold

� �
1
Xn

i5n111

p kjxi;Holdð Þ
( )

(33)

r2new
y;k 5

Xn1

i51

p kjxi; yi;Hold

� �
yi2ly;k

� �T
yi2ly;k

� ��

22ET ti;kjxi; yi; k;Hold

� �
Cnew

k
T yi2ly;k

� �
1trace½Cnew

k
TCnew

k E tit
T
i jxi; yi; k;Hold

� �� �	

r
Xn1

i51

p kjxi; yi;Hold

� �( )
(34)

where p kð Þ is the overall proportional value of the input
dataset X5fX1;X2g. Detailed derivation of the M-step for
the mixture semisupervised model is provided in Appendix
B. By updating and recalculating the E-step and the M-step
of the EM algorithm until convergence, the optimal parame-
ter set can be obtained.

Online Soft Sensing Based on Mixture
Semisupervised PCR Model

Based on the developed mixture semisupervised PCR
model, a soft sensor can be constructed for online prediction
of key variables in the process. After we obtain the new data
sample xnew, the first step is to calculate its posterior proba-
bility in each local operating region, given as

p kjxnew ;Hð Þ5 p xnew jk;Hð Þp kjHð Þ
p xnew jHð Þ (35)

The latent variables in each local model tk;new can be esti-
mated as

t̂k;new 5 r2
x;kI1PT

k Pk

� �21

PT
k xnew 2lx;k

� �
(36)

Then the prediction in the corresponding local region can
be calculated as

ŷk;new 5Ck t̂k;new 5Ck r2
x;kI1PT

k Pk

� �21

PT
k xnew 2lx;k

� �
(37)

Under the mixture probabilistic model structure, the final
prediction is provided as the following weighted form

ŷnew 5
XK

k51

p kjxnew ;Hð Þŷk;new (38)

with prediction error of the soft sensor given as

ernew 5ynew 2ŷnew (39)

where ynew is the real value of the quality/key variables. To
evaluate the performance of the soft sensor, the root mean
square error (RMSE) criterion is typically used, which is
defined as follows
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RMSE5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXL

j51

kyj2ŷjk
2

L

vuuuut
(40)

where j51; 2; � � � ; L, yj and ŷj are real and predicted values,
respectively, and L is the total number of test data samples.

Case Studies

Numerical example

The numerical example consists of five variables in each
operation mode, which is constructed as follows

x15P1t11e1; y15C1t11f1

x25P2t21e2; y25C2t21f2

x35P3t31e3; y35C3t31f3

(41)

where P1, P2, and P3 are three random 533 matrices, C1,
C2, and C3 are three random 133 matrices, ft1; t2; t3g
� N 0; Ið Þ, fe1; e2; e3g � N 0; 0:052I

� �
, and ff1; f2; f3g �

N 0; 0:052I
� �

are measurement noises of input and output
data. Here, we have assumed that the process data are
formed by three different operation modes, and the noise

levels in those three operation modes are assumed to be
same.
To build the mixture semisupervised PCR model, 1000 data
samples are generated in each operation modes, among
which 100 samples are labeled, other 900 samples only con-
tain the input measurements x. Therefore, a total of 3000
samples are available for model constructions, with 300
labeled samples and 2700 unlabeled samples. The prior prob-
abilities of the three operation modes are 1/3 for both of the
labeled and unlabeled datasets. The first two dimensions of
the labeled dataset and the whole dataset are plotted in Fig-
ures 1a, b, respectively. When only labeled data are used, it
can be seen in Figure 1a that the three different clusters are
difficult to characterize. With the inclusion of the unlabeled
dataset, we can clearly see three data clusters in Figure 1b.
Under the Gaussian assumption, all of the three data clusters
are distributed in an ellipse-like shape. For this multimode
dataset, if we use a single Gaussian model, the modeling
result will be too conservative, that is, a large ellipse enclo-
ses all data samples in different modes. Therefore, compared
to the single Gaussian model, the dataset can be modeled
more accurately by using the mixture model structure.

Based on both labeled and unlabeled datasets, the mixture
semisupervised PCR model is developed. The estimated prior

Figure 1. Data characteristics of labeled dataset and the whole dataset.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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probabilities of the three data clusters are 0.3331, 0.3335,
and 0.3334 for the labeled dataset and 0.3333, 0.3332, and
0.3335 for the unlabeled dataset, which are very close to the
real values. Detailed posterior probabilities of the labeled
and unlabeled datasets under the three local regions are illus-
trated in Figures 2 and 3. It can be seen in both of the two
figures that different data samples have been correctly
assigned to their corresponding operation modes. The esti-
mated noise variances are 0.0024, 0.0026, and 0.0025 for the
input data and 0.0021, 0.0027, and 0.0022 for the output
data, which are the averaged values based on 50 Monte-
Carlo simulations. Compared to the output data, the estima-
tion accuracy of noise variances for the input data is higher,
and this is because more input data samples have been incor-
porated for modeling.

Besides, we can also evaluate the distribution of the
extracted latent variables by the mixture semisupervised
PCR model. For comparison, the supervised form of the
mixture PCR model is also developed, which refers to mod-
eling by ignoring the unsupervised data. With the inclusion
of more unlabeled data samples, it is expected that the
extracted latent variables are more likely to follow the
Gaussian distribution than those extracted by the mixture

supervised PCR model in which only a small number of
labeled data samples have been used. Detailed probability
distributions of the two extracted latent variables by both
semisupervised and supervised models are shown in Figure
4, in which the first column corresponds to the semisuper-
vised method and the second column corresponds to the
supervised method. It can be clearly seen from this figure
that the two components in the first column are more like
Gaussian distribution than those in the second column. More
precisely, if we carry out Jarque-Bera test which is a
goodness-of-normality-fit test of a component, it can be
found that the values of two extracted latent variables by the
semisupervised method are closer to the critical cut-off value
than those extracted by the supervised method. Therefore,
compared to the supervised method, the extracted latent vari-
ables of the semisupervised method is more accurate.

To examine the modeling effort of the mixture semisuper-
vised PCR model, the model training time is compared
among the single semisupervised PCR model, mixture PCR
model, and the mixture semisupervised PCR model. Under
the same running environment: Windows 7; Matlab 7.5,
Dual Core 3.2GHz, 8.0Gb RAM, the CPU running time of
those three models are 31.6548s, 37.9557s, 113.0719s. It can

Figure 2. Posterior probabilities of the labeled data
samples in different modes.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 3. Posterior probabilities of the unlabeled data
samples in different modes.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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be seen that the modeling effort of the mixture semisuper-
vised PCR model is much harder than both single PCR and
mixture PCR model. While the single PCR model incorpo-
rates a large number of additional unlabeled data samples,
the mixture PCR model only uses the part of labeled data
samples. That is why the running time of the single PCR
model and the mixture PCR model is not quite different
from each other.

Industrial application

Traditionally, the debutanizer column is a part of the
desulfuring and naphtha splitter plant. In the naphtha stream,
propane and butane are removed as overheads. To improve
the control quality of the debutanizer column, real-time esti-
mation of the butane content is important. A number of sen-
sors are installed on the plant for product quality monitoring.
The detailed description of the debutanizer column is shown
in Figure 5, in which grey circles represent the used process
variables in this case study for soft sensor development.32

For prediction of the butane content in this process, seven
input variables have been selected, which are listed in Table 1.

A total of 2000 data samples have been collected under the
normal operating condition, which are provided by Fortuna
et al.33 The dataset is partitioned into two parts: the modeling
dataset (1000 samples) and the testing dataset (1000 samples).
For comparison, both of the mixture semisupervised PCR and
mixture supervised PCR models are developed. In each indi-
vidual model of the two mixture models, three latent variables
are selected. To be fair, the number of individual models in
both supervised and semisupervised mixture models is selected
as 3. Different numbers of labeled datasets are used for exami-
nation of the soft sensing performance of the two mixture
models, which are between 5% and 50% of the whole training
dataset.

Detailed soft sensing results of the testing dataset are pro-
vided in Table 2. It can be seen that with the increase of the
number of labeled data samples, both of the two methods
can provide more and more accurate estimation results.
However, with the use of unlabeled data samples, the mix-
ture semisupervised PCR model-based soft sensor has
obtained more accurate results than the mixture supervised
PCR model-based soft sensor under the same number of
labeled data samples. Therefore, compared to the total super-
vised regression model, the semisupervised regression model
improves the soft sensing performance, especially when the
ratio between the number of labeled data samples and the
number of unlabeled data samples is low.

Figure 4. Probability distributions of two extracted latent variables by both semisupervised and supervised
methods.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 5. The flowchart of the debutanizer column.32

Table 1. Input Variables in the Debutanizer Column

Input variables Description

u1 Top temperature
u2 Top pressure
u3 Reflux flow
u4 Flow to next process
u5 6th tray temperature
u6 Bottom temperature
u7 Bottom temperature
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Particularly, detailed soft sensing results of the 10%
labeled dataset case are illustrated in Figure 6 for the two
methods. The estimated values of the prior probabilities of
the three individual models for the labeled and unlabeled
datasets are tabulated in Table 3. Correspondingly, the esti-
mated posterior probabilities of data samples in labeled and
unlabeled datasets under different individual models are
shown in Figures 7 and 8, respectively. It can be seen that
there are only a small portion of data samples that belong to
the third operation mode, which is consistent with the results
of estimated prior probabilities for different individual mod-
els. The estimated noise variances of the input and output
data for different individual models are given in Table 4.
For the testing dataset, detailed information of the estimated
posterior probabilities is provided in Figure 9, which is quite
similar to those of the unlabeled data samples in the training
dataset. Most of the first 500 data samples have been
assigned to the first two operation modes, only a part of the
last 500 data samples are assigned to the third operation

mode. This is because the data characteristics of the training
dataset and the testing dataset are similar to each other.

Conclusions

In this article, a mixture probabilistic semisupervised PCR
model has been developed, based on which an efficient soft
sensor development approach was constructed for online
estimation of key variables in the process. Different from the
single semisupervised PCR model, the mixture model was
able to incorporate unlabeled data samples from different
operating modes; thus it can be used in more general situa-
tion, such as multimode processes, nonlinear process, and so
forth. With the inclusion of additional unlabeled data

Table 2. RMSE Values of the Two Methods Under Different Numbers of Labeled Samples

Methods/Portions 5% 10% 15% 20% 25% 30% 35% 40% 45% 50%

MSSPCR 0.2266 0.1857 0.1755 0.1736 0.1701 0.1641 0.1633 0.1605 0.1583 0.1548
MSPCR 0.2838 0.2414 0.1969 0.1885 0.1806 0.1723 0.1698 0.1671 0.1655 0.1641

Figure 6. Quality estimation results.

(a) Mixture supervised PCR and (b) mixture semisuper-

vised PCR. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Table 3. Prior Probabilities of Different Individual Models

Individual Models #1 #2 #3

Prior probability of labeled dataset 0.5992 0.3287 0.0720
Prior probability of unlabeled dataset 0.3986 0.4876 0.1139

Figure 7. Posterior probability for the labeled data
samples in the training dataset.

(a) First local region; (b) second local region; and (c)

third local region. [Color figure can be viewed in the

online issue, which is available at wileyonline

library.com.]
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samples, the modeling performance of the supervised model
has been improved. Compared to the mixture supervised
PCR model, the mixture semisupervised PCR model-based
soft sensor can provide more accurate estimation results, par-
ticularly when the number of available labeled data samples
is small in the process. Both of the numerical example and
the industrial data case study have demonstrated the feasibil-
ity of the developed model. Although we have applied the
traditional PCR method in the present article, the semisuper-
vised modeling idea can be easily extended to other
approaches, such as PLS models. Similar to the PCR
method, PLS can also model the relationships between the
secondary process variables and the quality variables by
maximizing the covariance between these two types of
variables.
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Appendix A

According to likelihood function
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Based on Jensen’s inequality: f
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where f •ð Þ is an arbitrary convex function, and ak is the weight,

the likelihood function can be written as follows
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where
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is a constant term which is only associated with the old
model parameter Hold . As a result, the rest two terms in Eq.
(A2) correspond to the expectation of the complete-data log

AIChE Journal February 2014 Vol. 60, No. 2 Published on behalf of the AIChE DOI 10.1002/aic 543



likelihood function, with respect to the joint distribution of
the hidden variables p tk;kjxi;Holdð Þ. Therefore, the expected
complete-data log likelihood is actually a lower bound of the
original log likelihood. In the EM algorithm, due to the com-
putational simplicity, the expected complete-data log likeli-
hood is alternatively maximized instead of the original log
likelihood.

Appendix B

In the M-step, by maximizing the expected Log likelihood func-

tion of the complete-data with respect to each one of the param-

eter set, including p1 kð Þ, p2 kð Þ, Pk;Ck; r2
x;k;r

2
y;k;lx;k; ly;k, the

parameter values can be updated for calculation of the next

E-step. First, revisit the expected value of the complete-data

Log likelihood function, and rewrite it as follows
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In the above equation, the related terms with the proportional

value p1 kð Þ and p2 kð Þ can be separated as follows
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Introducing a Lagrange multiplier k into each of f1 kð Þ and f2 kð Þ,
and noted the proportion value follows the constraintXK
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Setting their derivatives to zero with respect to p1 kð Þ and p2 kð Þ,
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Summing both sides over k, the above equations become
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Substitute them into Eqs. (B6) and (B7), the updated values of

the proportion become as
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Based on the this derivation, the overall proportional value of

the input dataset X5 X1;X2f g can be determined as
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On the other hand, the updated values of Pnew
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(B13)
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Similarly, by setting the derivative of E L X;YjHð Þ½ � with respect

to other parameters to zero, their updated values can be calcu-

lated as

@E L X;YjHð Þ½ �
@Ck

50)

Xn1

i51

p kjxi; yi;Hold

� �
yi2CkE ti;kjxi; yi

� �
2ly;k

� �h(

ET ti;kjxi; yi

� ���
50

) Cnew
k 5

Xn1

i51

p kjxi; yi;Hold

� �
yi2ly;k

� �
ET ti;kjxi; yi;Hold

� �" #

3
Xn1

i51

p kjxi; yi;Hold

� �
E ti;ktT

i;kjxi; yi; k;Hold

� �" #21

(B14)

@E L X;YjHð Þ½ �
@lx;k

50)

lnew
x;k 5

Xn1

i51

p kjxi; yi;Hold

� �
xi2PkE ti;kjxi; yi; k;Hold

� �� �

1
Xn

i5n111

p kjxi;Holdð Þ xi2PkE ti;kjxi; k;Hold

� �� �
Xn1

i51

p kjxi; yi;Hold

� �
1
Xn

i5n111

p kjxi;Holdð Þ

(B15)

@E L X;YjHð Þ½ �
@ly;k

50) lnew
y;k 5

Xn1

i51

p kjxi; yi;Hold

� �
yi2CkE ti;kjxi; yi; k;Hold

� �� �
Xn1

i51

p kjxi; yi;Hold

� � (B16)

@E L X;YjHð Þ½ �
@r2

x;k

50)

r2new
x;k 5

Xn1

i51

p kjxi; yi;Hold

� �
xi2lx;k

� �T
xi2lx;k

� �
22ET ti;kjxi; yi; k;Hold

� �
Pnew T

k xi2lx;k

� �n

1trace Pnew
k

TPnew
k E ti;ktT

i;kjxi; yi; k;Hold

� �h io
1
Xn

i5n111

p kjxi;Holdð Þ xi2lx;k

� �T
xi2lx;k

� �n

22ET ti;kjxi; k;Hold

� �
Pnew T

k xi2lx;k

� �
1trace Pnew

k
TPnew

k E ti;ktT
i;kjxi; k;Hold

� �h io

m
Xn1

i51

p kjxi; yi;Hold

� �
1
Xn

i5n111

p kjxi;Holdð Þ
( )

(B17)

@E L X;YjHð Þ½ �
@r2

y;k

50)

r2new
y;k 5

Xn1

i51

p kjxi; yi;Hold

� �
yi2ly;k

� �T
yi2ly;k

� ��

22ET ti;kjxi; yi; k;Hold

� �
Cnew

k
T yi2ly;k

� �
1trace Cnew

k
TCnew

k E tit
T
i jxi; yi; k;Hold

� �� �� �
r
Xn1

i51

p kjxi; yi;Hold

� �( )

(B18)
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