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Traditionally, data-based soft sensors are constructed upon the labeled historical dataset which contains equal numbers
of input and output data samples. While it is easy to obtain input variables such as temperature, pressure, and flow rate
in the chemical process, the output variables, which correspond to qualitylkey property variables, are much more diffi-
cult to obtain. Therefore, we may only have a small number of output data samples, and have much more input data
samples. In this article, a mixture form of the semisupervised probabilistic principal component regression model is pro-
posed for soft sensor application, which can efficiently incorporate the unlabeled data information from different opera-
tion modes. Compared to the total supervised method, both modeling efficiency and soft sensing performance are
improved with the inclusion of additional unlabeled data samples. Two case studies are provided to evaluate the feasi-
bility and efficiency of the new method. © 2013 American Institute of Chemical Engineers AICKE J, 60: 533-545, 2014
Keywords: semisupervised modeling, probabilistic principal component regression, soft sensor, mixture probabilistic
modeling

Introduction sor has become popular in industrial applications. In the past
years, a huge volume of process data has been recorded by
the distributed control system, which contains important infor-
mation of the process. Therefore, by constructing relationships
between secondary process variables and quality/key varia-
bles, a data-based soft sensor can be formulated. Among all
developed soft sensor models, conventionally used ones
include: principal component analysis/principal component
regression (PCR)," partial least squares (PLS),*?® artificial
neural networks,”'? kernel-based models,'>'® Bayesian meth-
0ds'®? and so forth.
Typically, both of the input data (from secondary process
variables) and output data (from quality/key variables) are
required for soft sensor modeling. Here, we represent the
dataset which contains both input and output data samples as
the labeled dataset, the one which only consists of input data
samples is denoted as the unlabeled dataset. Traditional data-
based soft sensors are usually built upon the labeled dataset.
However, the output data of the soft sensor which corre-
spond to quality/key variables are usually difficult to obtain,
for example, through complex lab analysis. Also, compared
o Correspondence concerning this article should be addressed to B. Huang at to the input data, the sampling rate of the output data is
ia0.huang@ualberta.ca. .
often much lower, and as a result, only a small portion of
© 2013 American Institute of Chemical Engineers the input data samples have their corresponding output data

Nowadays, soft sensors have been widely used for prop-
erty estimation of quality and key variables in chemical
processes. This is mainly because those important variables
are difficult to measure online; instead, their values are usu-
ally obtained through analyzers or lab analyses. However,
both analyzers and lab analyses are expensive, time consum-
ing, and introduce a significant time delay to the control sys-
tem. The main advantage of the soft sensor is that it can
provide real-time measurements for those important varia-
bles, by using other highly correlated but easy-to-measure
process variables. Traditional soft sensors are developed
through first-principle models, which are subject to process
knowledge and experiences of experts. However, the acquisi-
tion of both process knowledge and expert experiences is
difficult and time consuming, especially for modern complex
chemical processes.

On the other hand, without requirements of either detailed
process knowledge or expert experiences, data-based soft sen-
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values; others are unlabeled. Therefore, in practice, we may
only have a small number of labeled data samples for soft
sensor modeling, and a large number of other unlabeled data
samples could have been ignored.

The motivation of the present article is to incorporate both
the labeled and unlabeled datasets for soft sensor modeling.
Although the unlabeled dataset has no output values, it can
contain important process information. From a probabilistic
viewpoint, the distribution of the input variables can hardly
be captured by a small number of data samples. By utilizing
more input data samples, the estimation of the distribution of
the input variables could be significantly improved. For a
latent probabilistic model, the input and output data are con-
nected by latent variables which can be extracted from input
variables. Therefore, if the estimation of the distribution of
the input data can be improved by the added unlabeled data
samples, the quality of the extracted latent variables can also
be improved, which in turn results in an improved relation-
ship between input and output variables.

In our previous article, a probabilistic form of the semisu-
pervised PCR model has been introduced, which can effi-
ciently incorporate the unlabeled data for soft sensor
modeling.”® However, the inherent nature of this single prob-
abilistic model has limited the soft sensor to linear and sin-
gle mode processes. For those processes which have several
different operation modes or the relationship between input
and output data is nonlinear, the semisupervised PCR-based
soft sensor may not function efficiently. For multimode pro-
cess modeling, there are already several useful contributions,
for example, local modeling approach, external analysis
method, Bayesian inference-based strategy and so forth. >+
In the present article, a mixture probabilistic form of the
semisupervised PCR model is developed, in which several
local probabilistic PCR (PPCR) models are formulated
through Bayesian inference and posterior estimation. Based
on the developed mixture semisupervised PCR model, a new
soft sensor is then constructed for estimation of quality/key
variables for chemical processes. For online soft sensing of a
new data sample, the estimated output of each local PPCR
model is combined through a weighted probabilistic coeffi-
cient, which is based on the posterior probability of each
local model corresponding to the new data sample. There-
fore, compared to the single model structure, the mixture
probabilistic semisupervised PCR model can provide a soft
combination result from different local models; meanwhile,
the mode or membership information can be automatically
located for each operating region. While the single model is
restricted in Gaussian, linear, and single operating mode
processes, the mixture model can be used in more general
cases, for example, multimode processes, nonlinear proc-
esses, non-Gaussian processes, and so forth.

The rest of this article is organized as follows. In section
entitled Preliminaries, brief introductions of traditional PCR,
probabilistic PCR, and the semisupervised PPCR models are
given, followed by the detailed description of the mixture
semisupervised PCR model in section entitled Mixture Semi-
supervised PCR Model Development. In section entitled
Online Soft Sensing Based on Mixture Semisupervised PCR
Model, a new soft sensor is developed based on the mixture
semisupervised PCR model. Case studies of a numerical sim-
ulation example and an industrial application are provided in
section entitled Case studies. Finally, conclusions are made
in section entitled Conclusions.
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Preliminaries
PCR

Given the input and output dataset, X € R™™ and
Y € R"™", where n is the number of data sample, m and r
are numbers of input and output variables. The aim of PCR
is to find a set of principal components which span the origi-
nal measurement variable space. The procedure of PCR can
be divided into two steps. The first step is to extract princi-
pal components from the input dataset X, and the second
step is to calculate the regression matrix between the
extracted principal components and the output dataset Y.
The PCR model structure is given as follows”

X=TP'+E e
Y=TCT+F )

where P € R™*¢ is the loading matrix, T € R is the
principal component matrix, ¢ is the selected number of
principal components, C € R"*? is the regression matrix, and
E and F are the residuals matrices with appropriate
dimensions.

PPCR

Given the data information X=[xi,Xa, ", x,,]T € Rm
and Y=[y,,y,,---,y,]’ € R”, different from the PCR
model, the probabilistic PCR model is derived through the
following generative manner”’

x=Pt+e (3)

y=Ct+f 4)

where P € R™*4, C € R™Y are weighting matrices, t € R?<!
is the latent variable vector, e € R"*! and f € R"™*! are mea-
surement noises of input and output variables. In this proba-
bilistic model, it is assumed that both probability density
functions of the latent variable and the measurement noise
are Gaussian, that is, p(t)=N(0,I), p(e)=N(0,02I), and
p(f)=N(0,5;1), where I is an identity matrix, oy and o} are
noise variances of input and output variables. Therefore,
based on the property of conditional independence, the mar-
ginal probability p(x,y) can be formulated by integrating out
the latent variables, which is given as follows

p(x,y|P,c,o,%,az>=jp(x\t,P,oi)p(ylt,c,oi)pa)dt )

The optimal model parameter set {P, C, 0,2(, 0'3} can be deter-
mined by maximizing the following likelihood function

» Uxr Yy

L(P,C,0;,0)=In [ [ p(x:,¥/|P.C, 0}, 07) (6)
i=1

Semisupervised PCR model

Similar to the probabilistic PCR model, the semisuper-
vised PCR model is also formulated through the generative
structure, given as follows??
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x,=Pt,-+e,-

7

where i=1,2,---,n, j=1,2,--- n;, n; is the size of the
labeled dataset, and n,=n—n; is the size of the unlabeled
dataset. P € R™*9, C € R"™*? are weighted matrices, where m
is the number of input variables, and r is the number of out-
put variables. t € R?*! is the latent variable vector, e € R"*!
and f € R™ are noises of input and output variables,
respectively. Also, it is assumed that both probability density
functions of the latent variable and the measurement noise
are Gaussian. leen labeled dataset X;=[xj,Xp," " ,X,“}T,
Y= [yl,yz,% . ,ynl} and unlabeled dataset Xo=[Xy, +1,Xn,+2,

-, Xp +m| » the marginal distribution can be calculated as
follows

p(%.y,IP.C, 0%, 07) = Jp<x,»|t,,-,P7o§>p<y,|t_,«,c7o§>p<t,»>dt,
®)

p(xnl +is |P7 O-i) :Jp(xnl+i|tn1+i7 P: O')zg)p(tmﬂ')dtﬂl +i (9)

where j=1,2,---,n;, i=1,2,---,n,. Following the maxi-
mum likelihood framework, the log likelihood function can
be derived as

L(X,Y)=L(X,Y)+L(X;) 1an (x,¥,|P,C. 0%, 07)

= (10)
ny
+In [ [ p(xs,+iP, 03)

i=1
Through maximizing the Log likelihood function, the param-
eter set of the semisupervised PCR model ®={P,C, o
can be determined.

axay

Mixture Semisupervised PCR Model Development

In the mixture semisupervised PCR model, we first
assume that K individual semisupervised PCR models have
been incorporated, and ¢ latent variables are retained in each
submodel. The mixture form of the semisupervised PCR
model can be formulated as follows

X =Pitig e, k=1,2,- - K
Y =Cutjptfp,k=1,2,--- K

K

E pik)x;, 1<i<m

k=1
X;= an

sz(k)xz k
k=1
K
Y/:ZPI (k)

k=1

m+1<i<n

where i=1,2,---,n, j=1,2,---,n;, and we assume that the
total number of data samples is n, among which n; samples
are labeled, and ny=n—n; samples are unlabeled. p;(k) and
p2(k) are mixing proportional values of each individual
model for labeled and unlabeled dataset, with constraint

K K .
Zk=lp1(k)=l and Zkz]pz(k)=l. P and C; are weight-
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ing matrices of the kth individual semisupervised PCR
model, t, € R7*! is the latent variable vector, e; € R"*! and
f, € R™! are noise vectors of input and output variables in
the corresponding model. It is assumed that both probability
density functions of the latent variable and the measurement
noise in each individual model are Gaussian; thus
p(t)=N(0,I), p(ex)=N(0,0%,I), and p(f)=N(0,0; ).
Therefore, the multivariate Gaussian distributions of the
input and output data in the kth individual model are given
as p(x[te) =N(Pititpy, 03,) and p(y|te) =N(Citi+py £,
ag,k). Based on the property of conditional independence of

the input and output variables, that is, all input and output
variables are conditionally independent to each other given
the latent variables, the marginal distribution of the labeled
and unlabeled data in each individual model can be deter-
mined as follows

p(X, y|Pk7 Ck7 O—ikﬂ O—;k) :Jp(x|tk7 ka 0—)2(1]()
P(ylte, Cr, oy . )p(te)dte

12)

p(x|Py, 03 ,)= _[ (x|te, Py, o5, ) (t)dt (13)

Given the labeled datasets X;=[xj,Xp," ,Xn,]T € Rmxm,
Y=[y,,¥,, - ,ynl]T € R"*" and the unlabeled dataset
Xo=[Xp, 1, Xn, 425" - ,xnl+n2}T € R™*™ to obtained the opti-
mal parameter set, the following likelihood function should
be maximized

p(X,Y|0)=p(X;,Y|0)p(X|O) (14)

For simplicity, the likelihood function can be transformed
to the log likelihood form as follows

=L(X,,Y|0)+L(X,|®)=In [ p(x:,y,|®)

i=1

L(X,Y|O®)

ny

+In H p(xi|@)= Zlnp X;,,|©)

i=nm+1
+ Z Inp(x;|@)= ZanP (xi, y,|k, @)p1 (k)
i=n;+1
+ Z anp x|k, @)p, (k)
i=n;+1 k=
(15)

where ®:{®}k:{Pk7 Cy, 0-)2(_](7 O';ka By i “yﬁk}'

In the Expectation-Maximization (EM) algorithm,30
instead of maximizing the Log likelihood function directly,
the maximization of the expected complete-data Log likeli-
hood function is usually carried out. The derivation of the
expected complete-data Log likelihood function is provided
in Appendix A. The result is given below. First

X Y|® ZZIH[J(X;,)’,, lkak|®))

i=1 k=

+ Z Z Inp(x;, tix, k|©))

i=n+1 k=1

16)

Under the EM algorithm, we treat both of t and k as hid-
den variables. Therefore, the expected complete-data Log
likelihood function value with respect to joint distribution of
t and k can be derived as
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22

i=n+1k=1

Qﬂa

+ i Zp(k|xl',®old)

i=n;+1k=1

§ P(k|Xi7 Yi ®old)

i=1k=1

n K
+ 3> pklxi, Octa)

i=n+1k=1

K

> p(k[xi, ¥, Ocia ) {Inpi (k) +

1 k=1

ni

=

+ zn: Zp(k|Xj,®old){]np2(k)

i=n +1k=1

Then, the second step of the EM algorithm can be used
for maximization of the expected complete-data Log likeli-
hood function. In the E-step of the EM algorithm, we are
given the parameters @, obtained in the previous M-step,
and the aim of this step is to determine posterior probabil-
ities of hidden variables t and k& and obtain the expected
likelihood. In the M-step, we update the new parameter set
0, by maximizing the expected complete-data Log likeli-
hood function E[L(X,Y|®)].

In the E-step of the EM algorithm, we are given the
parameters @,q obtained in the previous M-step, and to
determine two posterior probabilities: p(k|X;,y;, @oq) and
p(ti|x;, y;,k, @qq) for the labeled dataset, p(k|x;, @qq) and
p(ti|x;, k, @gq ) for the unlabeled dataset. According to the
Bayesian rule, p(k|x;,y;, @olq ) and p(k|X;, Ociq ) can be deter-
mined as

_ (X1, ¥, 1k, Ogia )1 (k|Ogiq)

le', i,@)o = 18

p( | y ld) p(xi,yl“gold) ( )
p(Xi, |k, Ootd )p2 (k|®gia)

kXI‘,@o = 19

p(k| 1d) (O ) (19)

where py(k|®ow ) and p,(k|@q ) are proportion values calcu-
lated in the previous M-step, and Zf:l p1(k|®gq)=1 and

Zlepz(k|®01d):1. P(Xi,¥;, [k, Ooia) and p(x;, |k, O ) are
multivariate Gaussian distributions which can be easily for-
mulated, and the two denominators are normalizing constants
which need not be evaluated. Similarly, p(t;|x;,y;, &, @)
and p(t;|x;, k, @gq ) can be determined as
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Jp<tf,k, KX Vi Oia )In [p(x1, ¥ s K©)]dltg
Jp(t,-.k,mx,-,@om)ln [P(%i, ¥, s K1©) it
(k[xi, ¥;, Ol )JP(E‘,MX;', Vi k, O )In [p(X;, ¥;, ti i, k|©)]dt;

JP(ti,k\Xn k, Ogia )In [p(X;, tir, k|@)]dt; i

a7

jp(t,-,ux,-,y,-,k, Ouia )In [p(x:, ¥, tix &, ©)p1 ()]s

Jpa,-,k\x,-, k, @ )In [p(x;, tisl, ©)p2 (k) dtix

JP(tf,k\Xh Vi k, Ooia ) In [p(X;, y;, tik|k, ©)]dt; i }

+

J’p(tiﬁk|xi7 k, Ogiq )In [p(x;, tix |k, ©)]dt; i }

(Xilti, k, Ooia )p(¥,]ti, k, O )p(tilk, Ogiq )

4
tl' Xi, '7k7® =
]7( | Yi Old) p(Xl', yilk, ®01d)

(20)

(xi[ti, k, Oo1a )p(ti|k, Oo1a )
p(xilk, O )

As all terms are Gaussian distributed, p(t;|x;,y;, k, @oq ) and

p(ti|x;, k, @gq ) are also Gaussian, with their expected means
and variances given as follows>'

E(ti x|xi, Vi k, Ooiq )= (a;,szPk+ayf,foCk+I)’l

p(tilxi k, @)=~ @1)

[0 i PL (Xi— 1) T 0, L CL(Y, — By )]

(22)
E(tigt] [xi,y;,k, Oola) = (a;A%PAT,PkJra;,fcﬁckﬂ)*l 23
+E(ti X, ¥, ky Ot )E (ti4[Xi, Y7k, Ooa)
where i=1,2,---,ny, and
E(tig|xi,k, Ooq )= (02 J+P{Py) P (x;—pay ) (24)

E(t["kt:k |X,', k, ®old ) :oi,k(Psz—i—O—i,kI) !
+E(ti X1, k, Oota )ET (i 1[Xi, b, Ogta)
(25)
where i=n;+1,n,+2,---,n.
In the M-step of the EM algorithm, the new parameters
are updated by maximizing the expected complete-data Log

likelihood function E[L(X,Y|®)]. The results of updated
parameters are given as
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L1

1 ny ni
pi(k)= " Zp(k\xi,y[, O ) (26) P = [Zp(/dxi, ¥ Ooia ) (Xi—1y 2 ) ET (ti|xi, ¥, &, Ooq)
=1

l n
PZ(k):*z Z p(k[xi, Oola ) 27 + Z (k[xi, Ogta ) (X —my i ) ET (tig|xi, k, ®old):|
i=n;+1 i=n;+1
1 np n n
P(k):n{ PKXi, ¥, Oota)+ > p(k|xi7®old)} (28) ><{Zl’(ﬂxhyn@old)E(thtzkXi,yi’lﬁ @)old)
i=1 i=n;+1 i=1
ny -1
p(k[xi,¥;, Oota ) [Xi —PrE(tix[Xi, ¥;, k, Oola )] + Z (k|xi, Oola ) (i,ktzk|xi7ka ®old):|
i=1 i=n;+1

31
W=+ 3 p(klx, O xi—PeE(tslxi K, Oa)]  (29) D

i=n;+1 n
I n CZCW: {ZP(HX:&YU@old) (yl'_lly,k)ET<ti,k|Xiayl'a®old):|
ZP(HXHY,, Oua)+ > plklxi, Ocla) i=1

i=n;+1 —1
n
Zp k‘Xz,y,, old) [yi_CkE(ti$k|Xi7yl'7k7 @()ld)} X |: E p(k|xi7yi7®old)E<ti,ktzk|Xi7y,'7k7 ®old>:|
m = (30) B "
Zp(k|xiayja®old) ( )
i=1

ny

ZP(HXn ¥ Oola) { (xi_ux‘k)T(Xi_ux‘k) —2E" (ti ]X:, ¥, k, Oota )P (xi—py )
i=1

+trace |:P2ew TPESW E (t,’$kt,¥‘ﬂk|x,‘, yi7 k, ®old )i| } + Z p(k‘X[, ®old ) { (X[—llx’k)T (X,' _“x.k)
Giflkew — i=n+1 (33)

—2FT (t,'A’/\,|X,'7 k, Oolq )PZeWT ( —Ny k +traLe [Pnew TPZSW E (ti$ktzk|x,l, k, Olq )} }

n n
m{zp(k|xi7y,'7®old )+ > plklxi, O }
i=1

i=n;+1

P (Xuew [k, ©@)p(k|©)
P(Xnew |©)

The latent variables in each local model t; ., can be esti-

p(k|xneW7®): (35)

ny

ZP(HXn ¥is Oolq) { (Y,-_l'-y,k>T (yi_l‘lyA’k)
=1

—2E" (tix|xi,¥;, k, Oolg ) Cp= T (yl'_lly,k) mated as
2new
Oyk = (34) R -1
Y +trace[CZew Tczew (E (t,‘tiT|Xi, Y;s k, O.q )} } tkﬁnew = (O’yz(,kl—i_Pl{Pk) PZ (Xnew _ux,k) (36)
m Then the prediction in the corresponding local region can
ZP (k[xi,¥;, Oola) be calculated as
i=1

-1
. i 2 T T _
where p(k) is the overall proportional value of the input Yinew = Ciinew =C (akal+PkPk) P (Xoew —Byx) - B7)

dataset X={X;,X,}. Detailed derivation of the M-step for
the mixture semisupervised model is provided in Appendix
B. By updating and recalculating the E-step and the M-step

Under the mixture probabilistic model structure, the final
prediction is provided as the following weighted form

of the EM algorithm until convergence, the optimal parame- K
ter set can be obtained. Ynew =Zp(k Xnew , @)Y k;new (3%
k=1

Online Soft Sensing Based on Mixture with prediction error of the soft sensor given as
Semisupervised PCR Model _ N

€lnew = Ynew ~ Ynew (39)

Based on the developed mixture semisupervised PCR

model, a soft sensor can be constructed for online prediction ~ where y, .. is the real value of the quality/key variables. To
of key variables in the process. After we obtain the new data evaluate the performance of the soft sensor, the root mean
sample Xy, the first step is to calculate its posterior proba- square error (RMSE) criterion is typically used, which is

bility in each local operating region, given as defined as follows
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(40)

where j=1,2,--- L, Y and yj are real and predicted values,
respectively, and L is the total number of test data samples.

Case Studies
Numerical example

The numerical example consists of five variables in each
operation mode, which is constructed as follows

X1 :Pltl +e1,y1 :Cltl +f1

x2=P2t2+e2,y2=C2t2+f2 41)

X3:P3t3 +e3, y3:C3t3 +f3

where Py, P,, and P; are three random 5X3 matrices, Cy,
C,, and C; are three random 1X3 matrices, {t,ts,t3}
~N(0,I), {ej,er,e3} ~N(0,0.05°T), and {f,f>,f3} ~
N (0,0.0521) are measurement noises of input and output
data. Here, we have assumed that the process data are
formed by three different operation modes, and the noise

levels in those three operation modes are assumed to be
same.
To build the mixture semisupervised PCR model, 1000 data
samples are generated in each operation modes, among
which 100 samples are labeled, other 900 samples only con-
tain the input measurements x. Therefore, a total of 3000
samples are available for model constructions, with 300
labeled samples and 2700 unlabeled samples. The prior prob-
abilities of the three operation modes are 1/3 for both of the
labeled and unlabeled datasets. The first two dimensions of
the labeled dataset and the whole dataset are plotted in Fig-
ures la, b, respectively. When only labeled data are used, it
can be seen in Figure la that the three different clusters are
difficult to characterize. With the inclusion of the unlabeled
dataset, we can clearly see three data clusters in Figure 1b.
Under the Gaussian assumption, all of the three data clusters
are distributed in an ellipse-like shape. For this multimode
dataset, if we use a single Gaussian model, the modeling
result will be too conservative, that is, a large ellipse enclo-
ses all data samples in different modes. Therefore, compared
to the single Gaussian model, the dataset can be modeled
more accurately by using the mixture model structure.

Based on both labeled and unlabeled datasets, the mixture
semisupervised PCR model is developed. The estimated prior
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) ¢ Mode 1
° * Mode 2
4k o 4 Mode 3
o 9 A
» o A
& A
] o © 2A A
e - o L
’% 2 c%oomg%mgﬁ ar
= o cy@ a e W wNE
© S ﬁ . X
> ° Y3
©° il 10% % 5
* % DB o
g * «2“‘3@‘?;‘5‘“%?} o
Q
O -2 :'* th-aa o dvo
wn . AM & ® o o
A [+] OO (o}
» o
4+
o 3 o .
-8 1 1 1 1 L 1 L ]
-8 -6 -4 -2 . 0 2 4 6 8
a First variable
8_
© Mode 1
* Mode 2
6o © Q’oooo g 4 Mode 3
4_
Q@
e
& 2-
P
g
o T
c
S -2t
D
wn
4+
—-6f 5
o
-8 1 1 1 1 1 1 I 190 © ]
-8 -6 -4 -2 0 .2 4 6 8 10
b First variable

Figure 1. Data characteristics of labeled dataset and the whole dataset.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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probabilities of the three data clusters are 0.3331, 0.3335,
and 0.3334 for the labeled dataset and 0.3333, 0.3332, and
0.3335 for the unlabeled dataset, which are very close to the
real values. Detailed posterior probabilities of the labeled
and unlabeled datasets under the three local regions are illus-
trated in Figures 2 and 3. It can be seen in both of the two
figures that different data samples have been correctly
assigned to their corresponding operation modes. The esti-
mated noise variances are 0.0024, 0.0026, and 0.0025 for the
input data and 0.0021, 0.0027, and 0.0022 for the output
data, which are the averaged values based on 50 Monte-
Carlo simulations. Compared to the output data, the estima-
tion accuracy of noise variances for the input data is higher,
and this is because more input data samples have been incor-
porated for modeling.

Besides, we can also evaluate the distribution of the
extracted latent variables by the mixture semisupervised
PCR model. For comparison, the supervised form of the
mixture PCR model is also developed, which refers to mod-
eling by ignoring the unsupervised data. With the inclusion
of more unlabeled data samples, it is expected that the
extracted latent variables are more likely to follow the
Gaussian distribution than those extracted by the mixture
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Figure 2. Posterior probabilities of the labeled data
samples in different modes.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 3. Posterior probabilities of the unlabeled data
samples in different modes.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

supervised PCR model in which only a small number of
labeled data samples have been used. Detailed probability
distributions of the two extracted latent variables by both
semisupervised and supervised models are shown in Figure
4, in which the first column corresponds to the semisuper-
vised method and the second column corresponds to the
supervised method. It can be clearly seen from this figure
that the two components in the first column are more like
Gaussian distribution than those in the second column. More
precisely, if we carry out Jarque-Bera test which is a
goodness-of-normality-fit test of a component, it can be
found that the values of two extracted latent variables by the
semisupervised method are closer to the critical cut-off value
than those extracted by the supervised method. Therefore,
compared to the supervised method, the extracted latent vari-
ables of the semisupervised method is more accurate.

To examine the modeling effort of the mixture semisuper-
vised PCR model, the model training time is compared
among the single semisupervised PCR model, mixture PCR
model, and the mixture semisupervised PCR model. Under
the same running environment: Windows 7; Matlab 7.5,
Dual Core 3.2GHz, 8.0Gb RAM, the CPU running time of
those three models are 31.6548s, 37.9557s, 113.0719s. It can
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be seen that the modeling effort of the mixture semisuper-
vised PCR model is much harder than both single PCR and
mixture PCR model. While the single PCR model incorpo-
rates a large number of additional unlabeled data samples,
the mixture PCR model only uses the part of labeled data
samples. That is why the running time of the single PCR
model and the mixture PCR model is not quite different
from each other.

Industrial application

Traditionally, the debutanizer column is a part of the
desulfuring and naphtha splitter plant. In the naphtha stream,
propane and butane are removed as overheads. To improve
the control quality of the debutanizer column, real-time esti-
mation of the butane content is important. A number of sen-
sors are installed on the plant for product quality monitoring.
The detailed description of the debutanizer column is shown
in Figure 5, in which grey circles represent the used process
variables in this case study for soft sensor development.*”

For prediction of the butane content in this process, seven
input variables have been selected, which are listed in Table 1.

+

B&

= Y

e

Figure 5. The flowchart of the debutanizer column.®?
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A total of 2000 data samples have been collected under the
normal operating condition, which are provided by Fortuna
et al.>® The dataset is partitioned into two parts: the modeling
dataset (1000 samples) and the testing dataset (1000 samples).
For comparison, both of the mixture semisupervised PCR and
mixture supervised PCR models are developed. In each indi-
vidual model of the two mixture models, three latent variables
are selected. To be fair, the number of individual models in
both supervised and semisupervised mixture models is selected
as 3. Different numbers of labeled datasets are used for exami-
nation of the soft sensing performance of the two mixture
models, which are between 5% and 50% of the whole training
dataset.

Detailed soft sensing results of the testing dataset are pro-
vided in Table 2. It can be seen that with the increase of the
number of labeled data samples, both of the two methods
can provide more and more accurate estimation results.
However, with the use of unlabeled data samples, the mix-
ture semisupervised PCR model-based soft sensor has
obtained more accurate results than the mixture supervised
PCR model-based soft sensor under the same number of
labeled data samples. Therefore, compared to the total super-
vised regression model, the semisupervised regression model
improves the soft sensing performance, especially when the
ratio between the number of labeled data samples and the
number of unlabeled data samples is low.

Table 1. Input Variables in the Debutanizer Column

Input variables Description

Uy Top temperature

U Top pressure

Us Reflux flow

Uy Flow to next process
Us 6th tray temperature
Ug Bottom temperature

Uy Bottom temperature
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Table 2. RMSE Values of the Two Methods Under Different Numbers of Labeled Samples

Methods/Portions 5% 10% 15% 20% 25% 30% 35% 40% 45% 50%
MSSPCR 0.2266 0.1857 0.1755 0.1736 0.1701 0.1641 0.1633 0.1605 0.1583 0.1548
MSPCR 0.2838 0.2414 0.1969 0.1885 0.1806 0.1723 0.1698 0.1671 0.1655 0.1641

Particularly, detailed soft sensing results of the 10%
labeled dataset case are illustrated in Figure 6 for the two
methods. The estimated values of the prior probabilities of
the three individual models for the labeled and unlabeled
datasets are tabulated in Table 3. Correspondingly, the esti-
mated posterior probabilities of data samples in labeled and
unlabeled datasets under different individual models are
shown in Figures 7 and 8, respectively. It can be seen that
there are only a small portion of data samples that belong to
the third operation mode, which is consistent with the results
of estimated prior probabilities for different individual mod-
els. The estimated noise variances of the input and output
data for different individual models are given in Table 4.
For the testing dataset, detailed information of the estimated
posterior probabilities is provided in Figure 9, which is quite
similar to those of the unlabeled data samples in the training
dataset. Most of the first 500 data samples have been
assigned to the first two operation modes, only a part of the
last 500 data samples are assigned to the third operation
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Figure 6. Quality estimation results.

(a) Mixture supervised PCR and (b) mixture semisuper-
vised PCR. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Table 3. Prior Probabilities of Different Individual Models

mode. This is because the data characteristics of the training
dataset and the testing dataset are similar to each other.

Conclusions

In this article, a mixture probabilistic semisupervised PCR
model has been developed, based on which an efficient soft
sensor development approach was constructed for online
estimation of key variables in the process. Different from the
single semisupervised PCR model, the mixture model was
able to incorporate unlabeled data samples from different
operating modes; thus it can be used in more general situa-
tion, such as multimode processes, nonlinear process, and so
forth. With the inclusion of additional unlabeled data
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Figure 7. Posterior probability for the labeled data
samples in the training dataset.
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samples, the modeling performance of the supervised model
has been improved. Compared to the mixture supervised
PCR model, the mixture semisupervised PCR model-based
soft sensor can provide more accurate estimation results, par-
ticularly when the number of available labeled data samples
is small in the process. Both of the numerical example and
the industrial data case study have demonstrated the feasibil-
ity of the developed model. Although we have applied the
traditional PCR method in the present article, the semisuper-
vised modeling idea can be easily extended to other
approaches, such as PLS models. Similar to the PCR
method, PLS can also model the relationships between the
secondary process variables and the quality variables by
maximizing the covariance between these two types of
variables.

Table 4. Estimated Noise Variances of the Input and Output

Data
Individual Models Input Data Output Data
#1 0.0020 0.0098
#2 0.0006 0.0013
#3 0.0028 0.0001
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Appendix A
According to likelihood function

K
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Based on Jensen’s inequality: f<Z/<:1 ockxk) > Zk:1 of (Xx)
where f(¢) is an arbitrary convex function, and ¢y is the weight,
the likelihood function can be written as follows
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is a constant term which is only associated with the old
model parameter @,q. As a result, the rest two terms in Eq.
(A2) correspond to the expectation of the complete-data log

where
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likelihood function, with respect to the joint distribution of
the hidden variables p(t;,k|x;,@o14). Therefore, the expected
complete-data log likelihood is actually a lower bound of the
original log likelihood. In the EM algorithm, due to the com-
putational simplicity, the expected complete-data log likeli-
hood is alternatively maximized instead of the original log
likelihood.

Appendix B

In the M-step, by maximizing the expected Log likelihood func-
tion of the complete-data with respect to each one of the param-
eter set, including pi(k), pa(k), Py, Cr, 054,05 Bes Ryss the
parameter values can be updated for calculation of the next
E-step. First, revisit the expected value of the complete-data
Log likelihood function, and rewrite it as follows

E[L(X,Y|O)] ZZ}? (k[x:,¥,,O01a ) {Inpy (k)
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(B1)

In the above equation, the related terms with the proportional
value p; (k) and p, (k) can be separated as follows

fi(k) ZZp kIXi, ¥, @oia ) Inpy (k) (B2)

i=1 k=
k)= Z ZP(HXh@old)lnm(k) (B3)
i=n+1 k=1

Introducing a Lagrange multiplier A into each of f; (k) and f>(k),
and noted the proportion value follows the constraint

S =1 and S pa(k)

p1(k|®) and p,(k|®) can be obtained by maximizing

g1 (k)=fi(k +Al<2pl ) (B4)
g2(k)=f2(k +/12<sz ) (BS)

Setting their derivatives to zero with respect to p;(k) and ps(k),
k=1,2,--- K we can get
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Summing both sides over k, the above equations become
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Substitute them into Eqgs. (B6) and (B7), the updated values of
the proportion become as
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Based on the this derivation, the overall proportional value of
the input dataset X={X,, X5} can be determined as
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On the other hand, the updated values of P°%, s
2“6“’, 1 and pyR’ can also be determined by maximizing
E[L(X Y|®)]. Therefore, setting the derivative of E(L,) respect
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Similarly, by setting the derivative of E[L(X,Y|®)] with respect
to other parameters to zero, their updated values can be calcu-
lated as
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Firace [Pzew TPZeWE(thktdeXia Yisk; ol )} } + > plklxi, O ){ (xi—Rer) (xi—he) (BI7)
gnew — ’ Pt ) )
X,k
_2ET (t,‘,k ‘X,‘, k7 ®old )PEeWT (X,‘_],li() +trace [PZSW TPEewE(tiyktZMX,‘, k, ®old )} }
n
m{ Y p(k[xi,¥:,O01a )+ > p(k|xi, Ooiq )}
i=1 i=n +1
OE[L(X,Y|©)]
8—2 =0= Manuscript received May 19, 2013, and revision received Oct. 5, 2013.
O-yA,k
nm T
E p(k|Xia Yis G)old ) { (yl‘_uy.’k) (yi—lly_k)
i=1
new _ —2E" (tia[xi, ¥, k, @iy )G (yl'_”m)
v,k
+trace [Czew TCZCW (E(t,‘tﬂxi, Y k, Gold )] }
n
r{ E 12 (k‘xhyiv ®Old> }
i=1
(B18)
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